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Abstract: We develop a theory of universal central extensions of Hom-Lie 
algebras. Classical results of universal central extensions of Lie algebras cannot 
be completely extended to Hom-Lie algebras setting, because of the composition 
of two central extensions is not central. This fact leads to introduce the notion 
of universal a-central extension. Classical results as the existence of a universal 
central extension of a perfect Hom-Lie algebra remains true, but others as the 
central extensions of the middle term of a universal central extension is split 
only holds for a-central extensions. A homological characterization of universal 
(a)-central extensions is given. 
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1 Introduction 

The Hom-Lie algebra structure was initially introduced in p] motivated by exam- 
ples of deformed Lie algebras coming from twisted discretizations of vector fields. 
Hom-Lie algebras are K-vector spaces endowed with a bilinear skew-symmetric 
bracket satisfying a Jacobi identity twisted by a map. When this map is the 
identity map, then the definition of Lie algebra is recovered. 

The study of this algebraic structure was the subject of several papers [U HI 
El EJ IE] • In particular, a homology theory for Hom-Lie algebras, which generalizes 
the Chevalley-Eilenberg homology for a Lie algebra, was the subject of [9]. 

In the classical setting, homology theory is closely related with universal cen- 
tral extensions. Namely, the second homology with trivial coefficients group is 
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the kernel of the universal central extension and universal central extensions are 
characterized by means of the first and second homologies with trivial coefficients. 

Our goal in the present paper is to investigate if the homology for Horn-Lie 
algebras introduced in [7J E] allows the characterization of universal central ex- 
tensions of Horn-Lie algebras in terms of Horn-Lie homologies. But when we try 
to generalize the classical results of universal central extensions theory of Lie 
algebras to Horn-Lie algebras an important problem occurs, namely the compo- 
sition of central extensions is not central in general. This fact doesn't allow a 
complete generalization of classical results, however requires the introduction of 
a new concept of centrality for Horn-Lie algebra extensions. 

To show our results, we organize the paper as follows: in Section 2 we recall 
some basic needed material on Horn-Lie algebras, the notions of center, com- 
mutator and module. In order to have examples, we include the classification 
of two-dimensional complex Horn-Lie algebras. In section 3 we recall the chain 
complex given in [5] and we prove its well- definition by means of the Generalized 
Cartan's formulas; the interpretation of low-dimensional homologies is given. In 
section 4 we present our main results on universal central extensions, namely we 
extend classical results and present a counterexample showing that the composi- 
tion of two central extension is not a central extension. This fact lead us to define 
a-central extensions as extensions for which the image by the twisting endomor- 
phism a of the kernel is included in the center of the middle Horn-Lie algebra. We 
can extend classical results as: a Horn-Lie algebra is perfect if and only if admits a 
universal central extension and the kernel of the universal central extension is the 
second homology with trivial coefficients of the Horn-Lie algebra. Nevertheless, 
other result as: if a central extension — > (M, cmm) — > {K, ock) — > {L, oil) — > 
is universal, then (K, is perfect and every central extension of (K, oik) is 
split only holds for universal a-central extensions, which means that only lifts 
on a-central extensions. Other relevant result, which cannot be extended in the 

usual way, is: if — > (M, olm) A (K, cik) — > (L, ql) — > is a universal a-central 
extension, then H°(K) = Hg^K) = 0. Of course, when the twisting endomor- 
phism is the identity morphism, then all the new notions and all the new results 
coincide with the classical ones. 



2 Horn-Lie algebras 

Definition 2.1 [1] A Horn-Lie algebra is a triple (L, [—,—], «x) consisiting of 
a ^-vector space L, a bilinear map [— , — ] : L x L — > L and a K-linear map 
atL : L L satisfying: 

a) [x , y] = —[y , x] (skew-symmetry) 

b) [chl(x), [y,z]) + [aL(z), [x,y]] + [ai(y), [z,x]] = (Hom-Jacobi identity) 
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for all x,y,z G L. 

In terms of the adjoint representation ad x : L — > L,ad x (y) = [x,y], the Hom- 
Jacobi identity can be written as follows [4]: 

dda L (z) Q-dy = ad aL (y) ad z + ad[ z ^ y ] oil 

Definition 2.2 [1] A Horn-Lie algebra (L, [—, —], «i) is said to be multiplicative 
if the linear map oil preserves the bracket. 

Example 2.3 

a) Taking oil = Id in Definition \2. 1\ we obtain the definition of a Lie alge- 
bra. Hence Horn-Lie algebras include Lie algebras as a subcategory, thereby 
motivating the name "Horn-Lie algebras" as a deformation of Lie algebras 
twisted by an endomorphism. Moreover it is a multiplicative Horn-Lie alge- 
bra. 

b) Let (A, fi A , a a) be a multiplicative Horn-associative algebra J^j. Then HLie(A) = 
(A, [— , — ], a a) is a multiplicative Horn-Lie algebra in which [x, y] = Ha{ x i y) — 
VA(y, x), for all x,y G A JTj. 

c) Let (L, [—, —]) be a Lie algebra and a : L — » L be a Lie algebra endomor- 
phism. Define [—, —] a : L £g> L — )■ L by [x,y] a = a[x,y], for all x,y G L. 
Then (L, [— , —] a ,a) is a multiplicative Horn-Lie algebra |7[ Th. 5.3]. 

d) Abelian or commutative Horn-Lie algebras are "K-vector spaces V with trivial 
bracket and any linear map a : V — > V 

e) The Jackson Horn-Lie algebra sl 2 {K) is a Horn-Lie deformation of the clas- 
sical Lie algebra sl 2 (K) defined by [h, f] = — 2f, [h, e] = 2e, [e, f) = h. 
The Jackson st2(lK) is related to derivations. As a WL-vector space is gen- 
erated by e,f,h with multiplication given by [h,j] t = —If — 2tf, [h,e] t = 
2e, [e, f] t = h + |/i and the linear map a t is defined by a t (e) = 2 (i+t) e = 

°° (-l) k t 
e + ~Y~ tk ^ < h ) = h > «*(/) = / + 2 f & 

k=0 

f) For examples coming from deformations we refer to |7|/. 

Definition 2.4 A homomorphism of Horn- Lie algebras f : (L, [—,—], ocl) 
(U , [— , — ]', ay) ^ a ^-linear map f : L — )■ V such that 

a) f([x,y]) = [f(x)J(y)]> 

b) f a L (x) = ocl' f{x) 
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for all x,y G L. 

The Horn-Lie algebras L and V are isomorphic if there is a bijective Horn-Lie 
algebras homomorphism f : L — > L' . 

A homomorphism of multiplicative Horn-Lie algebras is a homomorphism of 
the underlying Horn-Lie algebras. 

So we have defined the category Horn — Lie (respectively, (Horn — Lie mu i t ) 
whose objects are Horn-Lie (respectively, multiplicative Horn-Lie) algebras and 
whose morphisms are the homomorphisms of Horn-Lie (respectively, multiplica- 
tive Horn-Lie) algebras. There is an obvious inclusion functor inc : Horn — Lie mu i t — > 
Horn — Lie. This functor has as left adjoint the multiplicative functor (— ) mu it : 
Horn — Lie — > Horn — Lie mult which assigns to a Horn-Lie algebra (L, [— , — ],ol) 
the Horn-Lie multiplicative algebra (L/I, [— , — ],a), where I is the ideal of L gen- 
erated by the elements oll[x, y] — [ai(x), a z, (?/)], for all x,y G L and a is induced 
by a. 

In the sequel we refer Horn-Lie algebra to a multiplicative Horn-Lie algebra. 

Let (L, [—, —}, Oil) be an n-dimensional Horn-Lie algebra with basis {a 1; a 2 , ■ ■ ■ , a n } 
and endomorphism at represented by the matrix A = (a^) with respect to the 
given basis. To determine its algebraic structure is enough to know its struc- 

n 

tural constants, i.e. the scalars such that [cij,aj] = yjc^a&, and the entries 

k=l 

acij corresponding to the matrix A. These terms are related according to the 
following 

Proposition 2.5 Let (L, [—, — ], a^) be a Horn-Lie algebra with basis {a±, ... , a n }. 
Let cfj,l < i, j, k < n be the structural constants relative to this basis and 
oiij, 1 < i,j < n the entries of the matrix A associated to the endomorphism 
at, with respect to the given basis. Then (L, [-,-],Ql) is a Horn-Lie algebra if 
and only if the structural constants and the matricial entries satisfy the following 
properties: 

a) c\j + c^ = 0, 1 < k < n; c| = 0, 1 < i, k < n, char{K) ^ 2. 

n / n \ n / n \ n / n \ 

b) Y, a P i \Yl + Yl a P k \ Yl c ij c pi + a pi [Yl c lAg = °> 

p=l \q=l J p=l \q=l J p=l \q=l J 

1 < i, j, k, I, < n. 

Proof. 

a) There is not difference with Lie-algebras case [3]. 
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b) Applying Hom-Jacobi identity l2TT1 b): 

[a(ai), [a,j, a k }] + [a(a k ), [a i} a,-]] + [a(%), [a fc , a*]] = 

ran ran. ra ra 

a u a h ^2 c fk a m] + E «pfc a P' X] 4 a «l + E a ^ ar ' E 4i a *l = 

1=1 m=l p=l g=l r=l s=l 

n/n \n / n \ n /ra \ 

E ^ I E c 3* K> a <?] + E a f fc E 4 K" a J + E °pi E 4 a <?] = 

p=l \g=l / p=l \q=l J p=l \q=l J 



n I n 



E \ E <** E 44 + E a PM E 44 + E E 4*4? f a < = 

;=1 Lp=l \q=l J p=l \q=l / p=l \g=l / J 

□ 

Proposition 2.6 TTie Horn-Lie algebras (L, [—, — ], a^) and (L, [—, —]', ay) with 
same underlying WL-vector space are isomorphic if and only if there exists a regular 
matrix P such that A' = P .A.P and P.[ai,aj} = [P.ai, P-dj]' , where A, A' and 
P denote the corresponding matrices representing aL,ay and f with respect to 
the basis {ai, . . . , a n }, respectively. 

Proof. The fact comes directly from Definition 12.41 □ 

Proposition 2.7 The 2-dimensional complex multiplicative Horn-Lie algebras 
with basis {ai,a 2 } are isomorphic to one in the following isomorphism classes: 



a) Abelian. 

b) [ai,a 2 ] = — [ct2! a i] = a i and a is represented by the matrix 

c) [ai,a 2 ] = — [a2j a i] = a i and a is represented by the matrix 
with an 7^ 0. 



«12 

a 2 2 



an ai2 
1 



Proof. From the skew-symmetry condition we have that [a\, a\] = [a 2 , 02] — and 
[ai,a 2 ] = — [a 2 ,ai]. The Hom-Jacobi identity I2TT1 b) is satisfied independently of 
the homomorphism a. So we only have restrictions coming from the fact that the 

C- linear map «l : L — > L represented by the matrix I ° n ° 12 ] must preserve 



«21 «22 

First at all, we apply the change of basis given by the equations 



the bracket. 

a[ = x.cii + y.a 2 



a 2 = x M2 
the bracke 

taining the bracket [a[, a[] = [a' 2 , a' 2 ] = 0, [a[, a' 2 ] = —[a' 2 , a[] = p.a[, for p = 0,1. 



if x 7^ 0, and { j a2 i , if x = and y ^ 0, to normalize the bracket, ob- 
a 2 — —--ai 
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From the fact that oll '■ L — > L preserves the bracket, we derive the following 
equations: 

(a n a 22 - OL 21 a X2 ).p = p.a n 
p.a 21 = 

which reduces to the following system: 

p.a n .(a 22 ~ 1) = 
p.a 2 ± = 

Hence, for p = the system is trivially satisfied. All the matrices representing 
a are valid and the bracket is trivial, so (L, [— , — ],ol) is an abelian Horn-Lie 
algebra. In case p = 1, we derive the matrices corresponding to the cases b) and 
c). 

The different classes obtained are not pairwise isomorphic thanks to Proposi- 
tion E2J □ 

Remark 2.8 



a) Two algebras of the class b) in Proposicion 2.1 , with endomorphisms given 

by the matrices ( ^ ° 12 ) and ( j? ) , are isomorphic if and only if 

\ U a 22 J y (J P22 / 

"22 = P22 and (3 12 = p.a 12 + q.a 22 ,p, g G C,p / 0. 

Two algebras 
by the matrices 



b ) Two algebras of the class c) in Proposicion 2. 7\ with endomorphisms given 

"11 "12 \ if 011 012 \ • , • • , , ; 

^ I and I 1 ) ' are lsom orphic if and only 

if an = n and 12 = p.a 12 - q.a u + g,p, q G C,p 7^ 0. 

c^) Obviously if $ : (L, [—,—], «l) — >■ (L, [—,—]', ax/) is an isomorphism of 
Horn-Lie algebras, then det(ai) = det(a' L ). Consequently, if det^ai) 7^ 
det(a' L ), then the Horn-Lie algebras are not isomorphic. 

d) The following table shows by means of its algebraic properties that the 



classes given in Proposicion 2.1 are not pairwise isomorphic. 





Abelian 


det(a) 


2.7 


a) 


Yes 




2.7 


b) 


Non 





2.7 


c) 


Non 


7^0 



Complex two-dimensional Horn-Lie algebras 



Definition 2.9 Let (L, [—, —\,ol£) be a Horn-Lie algebra. A Horn-Lie subalgebra 
H is a linear subspace of L, which is closed for the bracket and invariant by a, 
that is, 
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a) [x, y] G H, for all x,y G H 

b) a(x) G H , for all x G H 

A Horn-Lie subalgebra H of L is said to be a Horn-ideal if [x, y] G H for all 
x G H,y G L. 

If H is a Hom-ideal of L, then (L/H, [—, —],aZ) naturally inherits a structure 
of Horn-Lie algebra, which is said to be the quotient Horn-Lie algebra. 

Definition 2.10 Let H and K be Hom-ideals of a Horn-Lie algebra (L, [— , — ], cil)- 
The commutator Horn-Lie subalgebra of H and K , denoted by [H, K], is the Hom- 
subalgebra of L spanned by the brackets [h, k], h G H, k G K . 

Lemma 2.11 Let H and K be Hom-ideals of a Horn-Lie algebra (L, [—, — ], a^). 
The following statement hold: 

a) H fl K and H + K are Hom-ideals of L. 

b) [H,K] CHCiK. 

c) [H, K] is a Hom-ideal of L when ol is surjective. 

d) [H,K] is a Hom-ideal of H and K, respectively, 
f) If H = K = L, then [L,L] is a Hom-ideal of L. 

Lemma 2.12 Let H and K be Hom-ideals of a Horn-Lie algebra (L, [— , — ], a^), 
then [H, K] is a Hom-ideal of (a^L), [—,—], Of,,). 

Definition 2.13 The center of a Horn-Lie algebra (L, [—, — ], ai) is the K-vector 
subspace 

Z(L) = {x G L | [x, y] = 0, for all y G L} 

Remark 2.14 When : L — >■ L is a surjective endomorphism, then Z(L) is a 
Hom-ideal of L. 

Definition 2.15 Let (L, [— , — ], ol) and (M, [— , — ], «m) be Horn-Lie algebras. A 
Hom-L- action from (L, [—, — \,ocl) over(M, [—, — ],cxm) consists in a bilinear map 
p : L <S> M — > M, given by p(x ®m) — x . m, satisfying the following properties: 

a) [x, y] . a M (m) = a L (x) .(y.m)- a L (y) .(x.m) 

b) cxl(x) ■ [m, m'] = [x.m, o:m(W)] + [%W,j: . m'\ 

c) o.m{.x ■ in) = oll{x) . ajtf(m) 

for all x,y G L and m, m' G M . 

Under these circumstances, we say that (L, a£) Horn-acts over (M, 
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Remark 2.16 When (M, [— ,— ],«m) is an abelian Horn-Lie algebra, Definition 
\2.15\ goes back to the definiton of Hom-L-module in JW. 

Example 2.17 

a) (L, [—, — ],«£,) acts on itself by the action given by the bracket. 

b) Let g and m be Lie algebras with a Lie action from g over m. Then (g, Id s ) 
Horn-acts over (m, Id m ). 

c) Let q be a Lie algebra, a : g — > g an endomorphism and M an g-module in 
the usual sense, such that the action from g over M satisfies the condition 
ct{x).m = x.m, for allx G g and m e M. Then (M, Id) is a Hom-Q-module. 

An example of this situation is given by the 2-dimensional Lie algebra L 
generated by {e, /} with bracket [e, /] = — [/, e] = e and endomorphism a 

represented by the matrix ( J 1 ) ; w here M the ideal generated by {e}. 

d) An abelian sequence of Horn- Lie algebras is an exact sequence of Horn-Lie 

algebras — > (M, ckm) — > (K, ax) — > (L, ai) — >■ 0, where (M, qm) on 
abelian Horn-Lie algebra, ax i — i olm an d ir ax = a.L it . 

The abelian sequence induces a Hom-L-module structure on (M, olm) by 
means of the action given by p : L £g> M — >■ M, p(Z, m) = [A;, m], 7r(/c) = /. 

For oi/ier examples we refer to Example 6.2 in [7j/. 

3 Homology 

Following |9], for a Horn-Lie algebra (L, [—,—], oil) and a (right) Hom-L- 
module (M, ckm), one denotes by 

C„° (L, M) := M ® A n L, n^O 

the n-chain module of (L, [—, — }, q £ ) with coefficients in (M, %). 
For n ^ 1, one defines the IK- linear map, 

rf„ : C« (L, M) — ► (L, M) 

by 

n ^ 

4 (m ® A ■ • • A £„) = (— f m.Xi <S>ai(xi) A ■ ■ ■ Aai(sj) A ■ ■ • Aai(i„) + 

i=l 

^ a A / {m)®[xi,Xj}Aa L (xi)A- • -Ackl A- • -A«l (^)A- • -Aa L (x n ) 
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Although in [7J |9] is proved that (CL% (L, M) , d n ) is a well-defined chain 
complex, we present an alternative proof by means of a generalization of Cartan's 
formulas. Firstly, we define for all y £ L and n 6 N, two linear maps, 



by 



6 n (y):C a n (L,M)^C:(L,M) 

On (y) (m <g> Xi A • • • A x„) = — m .y ® a L (x x ) A ■ ■ ■ A a L (x n ) + 
^ (-1) 1 «m {m) <g> [xi, y] A a L (xi) A • • • A a L (x^ A • • • A a L (x n ) 



8=1 



and 
by 



i n (a L (y)) : C£ (L, M) — ► C n Q +1 (L, M) 



(«l (?/)) (m ® Xi A • • • A x„) = (—1)™ m® x\ A ■ ■ • Ax n Ay 



Proposition 3.1 (Generalized Cartan's formulas) 
The following identities hold: 

a) d n+1 i n (a L (y)) + z n _i (a| (y)) d„, = -9 n (y), for alln^l. 

b) 6 n (a L (x)) 9 n (y) - 6 n (a L (y)) 6 n (x) = 6 n ([x, y]) (a M ® /or aW n > 0. 

6»„ (x) i n -! (a L {y))-i n -i («1 {y)) n -i {%) = «n-i(«L [a,?/]) ® a^ (n_1) 
/or all n > 1. 

<2J 9 n -i (a L (y)) d n = d n 6 n (y), for alln>\. 

e) d n d n+ i = 0, for all n > 1. 

Proof. The proof follows with a routine induction, so we omit it. □ 

In case = Id^.au = Id M , the above formulas become to the Cartan's 
formulas for the Chevalley-Eilenberg homology [2J. 

Thanks to Proposition 13.11 (C° (L, M) , d*) is a well-defined chain complex 
(an alternative proof can be seen in [9]). Its homology is said to be the homology 
of the Horn-Lie algebra (L, [—,—], at,) with coefficients in the Hom-L-module 
(M, cxm) and it is denoted by: 

H?(L,M) (L,M), 4) 

An easy computation in low- dimensional cycles and boundaries provides the 
following results: 

W*(T M\ - Ker W - M 

H ° {L ' M) -lMdj-W L 



where M L = {m .1 : m E M,l E L}. 

Now let us consider M as a trivial Hom-L-module, i.e. m . I = 0, then 

H" (L, M) Ker ^ M ® L 



Im (d 2 ) a (M) ® [L, L] 
In particular, if M = K, then iff (L, K) = ^ . 



4 Universal central extensions 

Through this section we will deal with universal central extensions of Hom-Lie 
algebras. We will generalize classical results of universal central extensions theory 
of Lie algebras, but here an important problem appears, namely the composition 
of central extensions is not central in general, as the Example 14.91 shows. This 
fact doesn't allow a complete generalization of classical results, however requires 
the introduction of a new concept of centrality for Hom-Lie algebra extensions. 

Definition 4.1 A short exact sequence of Hom-Lie algebras (K) : — > (M, aw) A 

(K, ock ) — > (L,ocl) — > is said to be central if [M,K] = 0. Equivalently, 
M C Z(K). 

The sequence (K) is said to be a-central if [um(M), K] = . Equivalently, 
a M (M)CZ(K). 

Remark 4.2 Let us observe that both notions coincide when olm = Idu- Obvi- 
ously, every central extension is an a-central extension, but the converse doesn't 
hold as the following counterexample shows: 

Consider the two-dimensional Hom-Lie algebra L with basis {01,02}, bracket 
given by 

[a 1 ,a 2 \ = -[a 2 , ai] = a x 

and endomorphism = 0. 

Let be the three-dimensional Hom-Lie algebra K with basis {61, b 2 , b 3 }, bracket 
given by 

[61,62] = -[6 2 A] = 6 l5 M 3 ] = -[63,61] = 6 l5 [62,63] = -[63,62] = 6 2 

and endomorphism ax = 0. 

The surjective homomorphism tc : (K, 0) — > (L,0) given by 7r(6x) = 0,7r(6 2 ) = 
ai, vr(6 3 ) = a 2 zs an a-central extension, since Ker (tt) = ({6!}) and [ceK(Ker(ir)), K] = 
0, but is not a central extension, since [Ker(jr), K] = ({61}). 
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Definition 4.3 A central extension (K) : — » (M, — > (K, ax) (L, oil) — > 

is said to be universal if for every central extension (K) : — > (M',«m') 

{K',otK') — > (£, ckl) —> i/iere exists a unique homomorphism of Horn-Lie alge- 
bras h : (i^, — > (K', atK>) such that ir' h = ir. 

A central extension (K) : — > (M, cum) — > (if, olx) — > {L,aL) — )- is sazrf 

to fre universal a-central if for every a-central extension (K) : — >■ (M', a&f') ~^ 

(K',aK>) — > (L,0!l) — >• t/iere exists a unique homomorphism of Horn- Lie alge- 
bras h : (if, a a-) — >■ (if, aj^) suc/i t/iat 71"' h = tt. 

Remark 4.4 Obviously, every universal a-central extension is a universal cen- 
tral extension. Let us observe that both notions coincide when ctu = Idu- 

Definition 4.5 ^4. Horn-Lie algebra (L,ai) is said to be perfect if L = [L,L]. 

Lemma 4.6 Let it : (K,ax) — > (L,ai) be a surjective homomorphism of Horn- 
Lie algebras. If (if, ax) is a perfect Horn-Lie algebra, then (L, ai) also it is. 

Lemma 4.7 Let — > (M, %) — > (K,ax) — > {L, oil) be a central extension 
and (K, ax) a, perfect Horn-Lie algebra. If there exists a homomorphism of Horn- 
Lie algebras f : (K,ax) — » (A, a a) such that r f = ir, where — > (N,a^) A 
(A, a a) —> [L, oil) — > is a central extension, then f is unique. 

The proofs of these two last Lemmas use classical arguments, so we omit it. 

Lemma 4.8 If — > (M, chat) ~^ {K,ax) (L,ocl) — 1 is a universal central 
extension, then (if, oik) and (L, a£) are perfect Horn-Lie algebras. 

Proof. Let us assume that (if, ax) is not a perfect Horn-Lie, then [K, if] £1 K. 
Hence (K/[K, K],a), where a is the induced homomorphism, is an abelian Horn- 
Lie algebra, consequently, it is a trivial Hom-L-module. Let us consider the 
central extension -> (if /[if, if], a) ->■ (if/[if , if ] x L, a x a L ) ^ (L,a L ) ->■ 0. 
Then the homomorphisms of Horn-Lie algebras </?, r/> : (if, ax) — > (if/ [if, if] x 
L,ax«i) given by <p(k) — (k+ [if, if], n(k)) and ip(k) = (0, ir(k)), k <E K, verify 

that pr <p = ^ = pr ip, so — > (M, olm) — > (if, olk) (£, «l) — >■ cannot be a 
universal central extension. 

Lemma [4.61 ends the proof. □ 

Classical categories as groups, Lie algebras, Leibniz algebras and other similar 
ones share the following property: the composition of two central extensions is 
a central extension, which is absolutely necessary in order to obtain characteri- 
zations of the universal central extensions. Unfortunately this property doesn't 
remain for the category of Horn- Lie as the following counterexample 14.91 shows. 
This problem lead us to introduce the notion of a-central extensions in Definition 
14. H whose properties relative to the composition are given in Lemma 14.101 
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Example 4.9 Consider the four- dimensional Horn-Lie algebra (L, ax) with basis 
{ai, a 2 , a 3 , a 4 }, bracket operation given by 

( [ai, a 3 ] = -[a 3 , ai] = a 4 , [ai, a 4 ] = -[a 4 , a x ] = a 3 , 
\ [a 2 , 03] = -[a 3 , a 2 ] = a i? [a 2 , a 4 ] = -[a 4 , a 2 ] = a 2 . 

ft/ie non-written brackets are equal to zero) and endomorphism ax = 0. 

Lei (X, ax) 6e the five- dimensional Horn-Lie algebra with basis {b±, 6 2 , 6 3 , 64, 6 5 } 7 
bracket operation given by 

[62, 63] = -[63, 62] = 61, [62, 64] = -[64, 62] = 65, 
[62, 65] = ~[h, h] = 64, [63, 64] = ~[&4, &3] = &2, 

[63,65] = -[65,63] = 6 3 . 

(the non-written brackets are equal to zero) and endomorphism ax = 0. 

Obviously {K,qlk) is a perfect Horn-Lie algebra since K = [K,K]. On the 
other hand, Z(K,ax) =< {61} >■ 

The linear map it : (K, ax) — > (L, ax) given by 7r(6i) = 0, 7r(6 2 ) = a±, 77(63) = 
a 2 ,7r(6 4 ) = a 3 ,7r(6 5 ) = a 4; is a central extension since n is a surjective homomor- 
phism of Horn-Lie algebras and Ker (n) =< {& x } >C Z(K,ax)- 

Now let us consider the six- dimensional Horn-Lie algebra (F, ap) with basis 
{ei, e 2 , e 3 , e±, e$, e$}, bracket operation given by 



[e 2 , e 3 ] = 


-[e 3 ,e 2 ] 


= ei, 


[e 2 ,e 4 ] = 


-[e 4 ,e 2 ] 


= ei 


[e 2 , e 5 ] = 


-[e 5 ,e 2 ] 


= ei, 


[e 3 , e 4 ] = 


-[e 4 ,e 3 ] 


= e 2 


< [e 3 , e 5 ] = 


-[e 5 ,e 3 ] 


= e 6 , 


[e 3 , e 6 ] = 


-[e 6 ,e 3 ] 


= e 5 


[e 4 , e 5 ] = 


-[e 5 ,e 4 ] 


= e 3 , 


[e 4 , e 6 ] = 


-[e 6 ,e 4 ] 


= e 4 


. [ e 5, e 6 ] = 


-[e 6 ,e 5 ] 


= ei. 









(^/je non-written brackets are equal to zero) and endomorphism ap = 0. 

The linear map p : (F, cxf) — > (F, a^-) given fry p(ei) = 0,p(e 2 ) = 6i,p(e 3 ) = 
6 2 ,p(e4) = 6 3 ,p(es) = &4,p(ee) = 65, is a central extension since p is a surjective 
homomorphism of Horn-Lie algebras and Ker (p) =< {ei} >= Z(F, ap). 

The composition n p : (F, ap) — )■ (L, ax) is given bynp(ei) = 7r(0) = 0,7rp(e 2 ) = 
7r(6i) = 0,7rp(e 3 ) = 7r(6 2 ) = ai,7rp(e 4 ) = tt(6 3 ) = a 2 ,7rp(e 5 ) = 7r(6 4 ) = a 3 ,7rp(e 6 ) = 
77(65) = «4- Consequently, up : (F, ap) — >■ (L, ax) is a surjective homomor- 
phism, but is not a central extension, since Z(F,ap) =< {e±} > and Ker (up) = 
< {ei,e 2 } >, i. e. Ker (irp) Z(F,a F ). 

Lemma 4.10 Let ->■ (M, a M ) -V (F, %) A (L, a L ) and ->■ (AT, ajv) A 
(F, «p) A (F, ax) be central extensions with (F, a^) a perfect Horn-Lie 
algebra. Then the composition extension — > (P, ap) = Ker (7rp) — > (F, ap) -A 
(L, ax) — >■ is an a-central extension. 

Moreover, i/0 — >■ (M, a M ) A (F, %) A (L, ax) -)• is a universal a-central 
extension, then — >■ (AT, a at) A (F, ap) A (F, ax) — » is split. 
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Proof. We must prove that [acp(P),F] = 0. 

Since (K, ax) is a perfect Horn-Lie algebra, then every element / E F can be 
written as / = ^ •Win .A2] + n > n E N, fa. E F,j = 1, 2. So, for all p E P, / E F 

i 

we have that 

[<*p(p),f] = ^2^i([[pJii]^ a F(fi 2 )} + [[fi*,P],oiF(fii)]) + [ap(p),n] = 

i 

since \p, fu) E Ker (p) C Z(F). 

For the second statement, if — )■ (M, cxm) — > (P, — > (P^l) — > is 
a universal a-central extension, then by the first statement, — >■ (P, op) = 
Ker (7rp) — >■ (P, aj?) A — >■ is an a-central extension, then there exists 
a unique homomorphism of Horn-Lie algebras a : (K,ax) — > (F,atp) such that 
upa = 7i. On the other hand, tt pa = tt = nld and (K, ax) is perfect, then Lema 
14.71 implies that pa = Id. □ 

Theorem 4.11 

a) If a central extension — > (M, olm) A {K, oik) {L,(Xl) — > is a uni- 
versal a-central extension, then (K, ax) is a perfect Horn-Lie algebra and 
every central extension of (K, ax) is split. 

b) Let — » (M, oim) — > (F,ax) — > (P,«l) 6e a central extension. 

If (K, ax) is a perfect Horn-Lie algebra and every central extension of 
(K, ax) is split, then — >■ (M, a M ) A (if, a^) — > (P, a^) — > is a univer- 
sal central extension. 

c) A Horn-Lie algebra (L,0£l) admits a universal central extension if and only 
if (L, ai) is perfect. 

d) The kernel of the universal central extension is canonically isomorphic to 
Proof. 

a) If -> (M, a M ) A (K, a K ) A (L, a L ) -> is a universal a-central extension, 
then it is a universal central extension by Remark 14.41 so (K, ax) is a perfect 
Horn-Lie algebra by Lemma 14.81 and every central extension of (K, ax) is split 
by Lemma 14.101 

b) Consider a central extension — » (N, a^) A (A, a a) A (P, a^) ~ ^ 0. Con- 
struct the pull-back extension — > (N,oin) A (P,ap) A (K,ax) — > 0, where 
P = {(a, A;) E A x K \ r(a) = tt(A;)} and ap(a, k) = (aji(o),ajf(i)), which is 
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central, consequently is split, i.e. there exists a homomorphism a : (K, ax) — > 
(P, oip) such that fa = Id. 

Then Wa, where W : (P,a P ) — > (A, oca) is induced by the pull-back construc- 
tion, satisfies tit a = ir. Lemma [4.81 ends the proof. 

c) and d) For a Horn-Lie algebra (L,ai) consider the homology chain complex 
C"(L), which is C"(L, K) where K is endowed with the trivial Hom-L-module 
structure. 

As K-vector spaces, let II be the subspace of L A L spanned by the elements 
of the form —[xi, x 2 ]Aa L (x 3 ) + [xi, x 3 ] Aa L (x 2 ) - [x 2 , x 3 ] A a L (xi), x±, x 2 ,x 3 G L. 
That is, I L = Im (d 3 : C 3 Q (L) -» C 2 a (L)). 

Now we denote the quotient K-vector space ^j^- by uce(L). Every class X\ A 
x 2 + /l is denoted by {x±, x 2 }, for all x±, x 2 G L. 

By construction, the following identity holds: 

{[x 1 ,x 2 \,a L (x3)} + {[x2,x 3 ],a L (xi)} + {[x 3 , xt], a L (x 2 )} = (1) 

for all xi,x 2 ,x 3 G L. 

Now d 2 (Ii) = 0, so it induces a K-linear map ul '■ uce(L) — )■ L, given by 
ul({xi,x 2 }) = [xi,x 2 ]. Moreover (uce(L),5), where 5 : uce(L) — > uce(L) is 
defined by a({xi,x 2 }) = {a L (xi), q;l(x 2 )}, is a Horn-Lie algebra with respect to 
the bracket [{ari, x 2 }, {y x , y 2 }) = {[x u x 2 ), [yi, y 2 ]} and u L : (uce(L), 5) (L, a L ) 
is a homomorphism of Horn-Lie algebras. Actually, Im ul = [L,L], but (L,ai) 
is a perfect Horn-Lie algebra, so ul is a surjective homomorphism. 

From the construction, it follows that Ker ul = H^L), so we have the 
extension 

->■ (if 2 a (L),5|) ->• (uce(L),5) ^ (L,a L ) 

which is central, since [Ker ul,vlcc(L)] = 0, and universal, since for any central 
extension — > (M, o:m) — > (K,&k) — > (L,ol) — > there exists the homomor- 
phism of Horn-Lie algebras cp : (uce(L),5) — > (K,ax) given by ip({xi,x 2 }) = 
[ki, k 2 ],7r(ki) = Xi,i = 1, 2, such that mp = ul- Moreover, (uce(L), a) is a perfect 
Horn-Lie algebra, so by Lemma 14.71 if is unique. □ 

Corollary 4.12 

a) Let — > (M, — > (K,chk) — > fc a universal a-central 
extension, then H*(K) =H$(K) = 0. 

b) Let — >■ (M, «m) —> (K,0!k) —> (L,®l) be a central extension such 
that H?(K) = Hg(K) = 0, then (M,a A/ ) -4 A (L,a L ) -»■ 
zs a universal central extension. 
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Proof. 

ajH04 (M, a M ) A (if, a*) A (L, a L ) ->■ is a universal a-central exten- 
sion, then (if, is perfect by Remark 14.41 and Lemma 14.81 so P"(P) = 0. By 
Lemma 14.101 and Theorem 14.111 ( c) , d) ) the universal central extension corre- 
sponding to (K, olk) is split, so P^(P) = 0. 

b) Hi(K) = implies that (K , oik) is a perfect Horn-Lie algebra. 

Hf(K) = implies taht (uce(P),a) A (K,a K ). Theorem EU ( b) ) ends 
the proof. □ 

Definition 4.13 An a-central extension — > (M, aw) A {K,ock) — > (£, ol) — > 
zs sazd to 6e universal if for every central extension — > (R,an) A (A, a^) A 
(L, «l) — >■ toere exists a unique homomorphism ip : (K, ax) — > {A, a a) such 
that Tip = it. 

Proposition 4.14 Let — > (M, «m) A (if, a^) A (L, a^) — >■ and — >■ 

(iV, a at) -4 (F,ap) A (K,ax) — > 6e central extensions. If — >• (iV, oat) A 

zs a universal central extension, then — >• (P, otp) = 
Ker(Trp) A (P, a^) — >■ (L,oil) is an a-central extension which is universal 
in the sense of Definition \4-13[ 

Proof. If ^ (N, a N ) A (P, a F ) A (P, oik) — > is a universal central extension, 
then (P, of) and (P, are perfect Horn-Lie algebras by Lemma [4.81 

On the other hand, — > (P, otp) = Ker(7rp) A (P, atp) A (L, otx) — >■ is an 
a-central extension by Lemma [4. 101 

In order to obtain the universality, for any central extension — > (R, ocr) — > 
(A, a a) A (L, «x) -^0 construct the pull-back extension corresponding to r and 

7T, ->■ (R,a R ) -» (P x L y4,a^ x a A ) A (K,a K ) -> 0. Since -> (N,a N ) A 
(P,a F ) A (P,a^) -> is a universal central extension, then there exista a 
unique homomorphism <p : (P, a?) — > (P x L A, ax X ola) such that t ■ ip = p. 
Then the homomorphism W ■ ip satisfies that r • W ■ <p = it ■ p and it is unique by 
Lemma 14.71 

□ 
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